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Abstract— There is considerable recent interest in both (i)
modelling the retinal ganglion cells, so that the models can
generate output that approximates the actual response of the
retina (such models will help design retinal prosthetics); and
(ii) understanding how relevant information is encoded in the
spike patterns generated by the ganglion cells (these neuronal
codes will help understand how the brain analyzes visual
scenes). Since the signals (as captured by ISI) are fundamentally
stochastic, any modelling or analysis tool will have to track, and
make assumptions about, the fluctuations or noise inherently
present in these signals. Even though there have been recent
work claiming that the fluctuations are fractal in nature, show-
ing long-range dependencies, almost all modelling and analysis
work continue to assume Poisson fluctuations. The widespread
use of the Poisson model is partly for the sake of convenience,
and partly due to the fact that those claiming on fractal nature
of ISI are contradictory: In [1] a long-range dependency (i.e.,
Hurst parameter [2], H > 0.5) is claimed in cat’s retina,
and in [3] an H < 0.5 and a long-range anti-correlation are
claimed for paddlefish electroreceptors. We resolve this issue
by studying the ISI of more than 50 ganglion cells recorded
from two different mouse retinas, and (i) Conclusively show
that the Hurst parameter is less than 0.5; we also show why
the results presented in [1] are erroneous: methods that do not
detrend the data were used. (ii) Even though the fluctuation
function is scale free, the auto-correlation function of ISI does
not show a long-range anti-correlation behavior as claimed in
[3]. In fact, the auto-correlation function shows a sharp negative
region around the origin, followed by an exponentially decaying
tail. Our results generate questions about how the non-Poisson
and scale-free nature of ISI fluctuations emerges during retinal
processing, and how it might affect the accuracy of models
based on Poisson assumptions.

I. INTRODUCTION

The fractal analysis has been successfully applied to

studying the traffic systems [4], [5], the economics [6], [7],

and natural phenomena [2], [8] for a long time. And recently,

it has been applied to various biological systems, such as the

analysis of the DNA sequences [9], [10], the heartbeat series

[11], [12], and the neural systems [1], [3], [13]. Researchers

have obtained different Hurst parameters from different sys-

tems. In the case of the spike trains generated by retinal

ganglion cells, as mentioned in the abstract, inconsistent

results were reported [1], [3]. We feel there’s a great need

to clarify this fact, and we focus our research on the mouse

visual neural system.

We investigated the Hurst parameter of the mouse visual

neural system via both fluctuation analysis (FA) [8] and

detrended fluctuation analysis (DFA) [9]. By comparing

the results from both methods, we found the true Hurst

parameter; i.e., we conclude that there is significant trend

in the ISI time series, and that the trend will cause FA to

yield Hurst parameters that are significantly greater than 0.5,

as reported in [1]. We first describe the data set in section II.

Then in section III, we show the FA and DFA results of the

neurons’ ISI series. Specific simulations were carried out to

clarify the contradiction coming from these two methods.

And finally in section IV, we studied the autocorrelation

function with different Hurst parameters, and show why

the claim in [3] about long-range anti-correlation in ISI is

fallacious.

II. DATA DESCRIPTION

Mice were placed in the dark overnight before the ex-

periment then killed with 100% CO2. The eye was then

removed. And under dim red light (low-pass filter with a

580 nm cut of; intensity, 0.65 microwatts/cm2 or 250
rod-equivalent photons/micron2/sec), the cornea, lens, and

vitreous were removed and the retina was isolated from the

pigment epithelium. A 2.5 × 2.5 mm piece was cut from

the central retina and placed on a 64-electrode extracellular

multielectrode array in a recording chamber where it was

perfused continuously with oxygenated Ringer’s solution

throughout the experiment. The cells responses were then

recorded simultaneously. The experiments were performed

in accordance with UCLA animal research committee guide-

lines.

We analyzed two separate data sets, consisting of 17 and

36 retinal ganglion cells from two different mouse retinas

respectively. All these cells were stimulated by the same

stimulus, the full field of a computer monitor with a 256-

value linear intensity scale (0 is darkest, 255 is brightest),

driven by a series of Gaussian deviating with a mean of 127
and a standard deviation of 60 every 100 ms for 1.5 hour.

We ordered the cells according to the ascending firing rate,

which ranges from 4.2 Hz to 77.4 Hz in the first data set,

and from 0.4 Hz to 43.9 Hz in the second data set.

III. RESULTS

A. FA and DFA analysis of the ISI series

The FA and DFA results of neuron 1 from the first data

set are plotted in Fig. 1 respectively. It’s observed that all

DFA1-DFA7 give similar results, except that the “tail” in

DFA1 has been gradually removed with higher order DFA,
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Fig. 1. a: FA result of neuron 1’s ISI. b: DFA result of neuron 1’s ISI.
The fluctuation functions F2(s) were obtained from the first, second, up
to seventh order DFA (DFA1-7, from top to bottom, shifted vertically for
clarity.
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Fig. 2. FA and DFA results for the 36 ganglion cells in the second data
set. Every bar represents a ganglion cell, which is ordered by the ascending
firing rate. We gave the 95% confidence level for the exponents estimation.

which is a distinctive signature of the detrending process.

Thus DFA7 was chosen to fit the exponent. Both FA and DFA

lead to robust power law between s and F2(s); however, with

different slopes. While FA gives the Hurst parameter 0.89,

DFA suggests H ≈ 0.39 instead.

The FA and DFA results for all neurons in the first data

set are summarized in Table. I. The 95% confidence level

of the estimation is also given. As neuron 1, FA and DFA

always give contradictory results: the results from FA range

from 0.77 to 0.98; while those from DFA range from 0.31
to 0.44 1. And similar to what’s shown in Fig. 1, the power

law is robust in both FA and DFA plots for all these neurons.

We obtained similar pattern from the second data set, which

consists of 36 cells stimulated by the same white Gaussian

noise, displayed in Fig. 2. Then which method gives the

true Hurst parameters?We turn into the next subsection for

clarification.

B. Are the real Hurst parameters larger or less than 0.5?

Our simulation began with the random shuffling test,

which tells us whether a completely random process can

assume the observed results or not. Then if an original series

gives H as 0.8, and its shuffled series reports H as 0.5, the

well separated two results indicate that the result of 0.8 Hurst

parameter comes from the property of the original series.

1Note that DFA indicates that there’re three cross-over neurons: 7, 9, and
13, whose Hurst parameter estimates before the cross-over points are given
in Table. I. However, DFA is not sensitive about the cross-over point, as
reported in [14].

TABLE I

HURST PARAMETER ESTIMATES OF THE FIRST DATA SET

Neuron FA DFA

1 0.90 ± 0.007 0.39 ± 0.004
2 0.94 ± 0.005 0.44 ± 0.012
3 0.98 ± 0.004 0.36 ± 0.007
4 0.96 ± 0.004 0.34 ± 0.006
5 0.77 ± 0.010 0.39 ± 0.009
6 0.88 ± 0.005 0.37 ± 0.011
7 0.85 ± 0.011 0.31 ± 0.021
8 0.89 ± 0.007 0.35 ± 0.007
9 0.94 ± 0.004 0.36 ± 0.012
10 0.95 ± 0.003 0.35 ± 0.007
11 0.91 ± 0.008 0.42 ± 0.006
12 0.84 ± 0.005 0.31 ± 0.009
13 0.90 ± 0.006 0.41 ± 0.011
14 0.85 ± 0.006 0.36 ± 0.003
15 0.91 ± 0.004 0.32 ± 0.006
16 0.95 ± 0.004 0.31 ± 0.003
17 0.86 ± 0.005 0.37 ± 0.006

However, after the random shuffling, both methods give the

exponents close to 0.5. The detail figures are omitted due to

lacking of space. Thus the shuffling process still could not

tell us which method is correct.

Series with specific H were then generated for testing

these two methods. If a series has Hurst parameter H ,

its frequency spectrum F (f) and its profile’s frequency

spectrum Fprofile(f) [15]

F (f) ∝ f−0.5(2H−1)

Fprofile(f) ∝ f−0.5(2H+1) (1)

respectively. Following [16], we generated a H = 0.3 series

of 16, 384 frames, as shown in Fig. 3.

Nextly, an exponential trend exp (−10−4∗i) (an exponen-

tially decaying transient) and a periodic trend sin (10−3 ∗ i)
were added to this series respectively. Obviously, the ex-

pected H of the new series should still be 0.3. It’s observed

that FA reports H ≈ 0.90 − 0.95, while DFA7 gives H ≈

0.29 − 0.31 in Fig. 3c and d per contra, which is similar to

what has been seen in the real neuron data.

A 10, 000-frame-segment of the profile from the artificial

series (H = 0.3) generated above is plotted in Fig. 4a.

The way we generated the artificial series began with the

Gaussian noise, then it wouldn’t introduce any important

trend. Thus the 7th order polynomial trend doesn’t match the

profile well. However, there is important polynomial trend

in the profile of neuron 12 (H = 0.31 via DFA) from the

first data set, as given in Fig. 4b. Then the polynomial trend

introduced during the experiment and the data recording

process must have played an important role of leading to

the contradiction in FA and DFA. In this case, DFA gives

the true results by removing the trend at first, otherwise FA

might always pick up the trend and reports spurious results.

Ref. [1] analyzed the cat’s visual system, which should be
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Fig. 3. a: The frequency spectrum of the artificial series with H = 0.3.
b: FA and DFA results of this series. c: FA and DFA results of the series
after an exponential trend is added. d: FA and DFA results of the series
after being added a periodic trend.
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Fig. 4. A 10, 000-frame-segment of the profile from the artificial series
(H = 0.3) and that from neuron 12 in the first data set. The trend of the
real ISI was shifted vertically for clarity.

similar to the mouse visual system that we have analyzed, but

reported the Hurst parameters to be larger than 0.5. Although

[1] stimulated the retina with different stimulus (darkness,

maintained light intensity, and a drift grating), the more likely

reason for them to obtain the larger than 0.5 H is because

they didn’t remove the trend in their analysis. Our results

are consistent with [3], who obtained less than 0.5 H when

analyzing the paddlefish eletroreceptors by DFA.

IV. DISCUSSION

People have understood the case when H ≥ 0.5 well,

especially from the traffic engineering study. When 0.5 <
H < 1, it suggests the scale free autocorrelation pattern [15]

C(k) ∼ k−(2−2H). (2)

C(k) here decays more slowly than k−1, and the series is

called a long-range correlated process. A H = 0.8 series

of 16, 384 frames is plotted in Fig. 5a-b. When H = 0.5,

it suggests no long-range relationship in the system, for an

instance, the white Gaussian noise. Displayed in Fig. 5a-

b, the randomly shuffled version of the series loses all its

original correlation, leading H to be 0.5.

What remains unclear is the situation when H < 0.5. Peo-

ple believed that it suggested the long-range anti-persistence

since otherwise H should end up with some value larger

than or equal to 0.5. In addition, the profile looks noisy

(small fluctuations go up and down as displayed in Fig. 4).

Ref. [3] reported a long-range anti-correlation pattern, the

sign changing alternatively and the magnitude decaying very

slowly, found in paddlefish electroreceptors (see Fig. 1(c) in

[3] ) to account for the less than 0.5 H . However, when we

plotted the autocorrelation function of the series in Fig. 3a-b

(both FA and DFA have proved its Hurst parameter to be

around 0.3), we found that the autocorrelation begins with

negative values in the first several lags, and can only be told

from the shuffled series when k ≤ 10.

We also analyzed series with similar autocorrelation pat-

tern as shown in [3]. An autoregressive process of order 1
(AR(1) process)

xi = λxi−1 + φi (3)

might be a good start, where we chose λ = −0.8, and φi to

be a white gaussian noise process with variance 0.25. The
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Fig. 5. a-b: The correlation for the series with H = 0.8 is plotted in
both natural and log-log scales. The reference line shown in (b) has slope
−0.4 = −(2 ∗ 0.8− 1). After being randomly shuffled, the series loses its
long-range correlation. c-d: The correlation for the series with H = 0.3,
as well as its randomly shuffled version, shown in both natural and double
log scale.
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Fig. 6. a: The correlation function for an AR(1) process with λ = −0.8.
b: The DFA and FA analysis results of this AR(1) process. c: The absolute
value of the correlation is exactly what’s shown in Fig. 7a, but starting
from negative C(1), we alternately change its sign to model a desired ‘anti-
correlation’ series. d: The the power spectrum of the series, shown in double
log scale.

autocorrelation function of AR(1) process is known to be

C(k) ∼ λk. (4)

Thus with negative λ, the sign of the correlation changes

alternatively, and the magnitude decreases as an exponential

law, as shown in Fig. 6a. Both DFA and FA report H ≈

0.5, as expected for all AR(1) processes. We realized that

[3] claimed a long-range, non-exponential anti-correlation

in the neural ISI, thus we constructed the new correlation

pattern in Fig. 6c, whose sign changes alternatively and

magnitude decays as a power law, much more slowly than

the exponential law observed in AR(1) process. We expected

from (1) that the power spectrum of the series should be scale

free, but we didn’t observe this in Fig. 6d. This suggests that

the autocorrelation pattern reported in [3] to be very spurious.

V. SUMMARY

We have analyzed the mouse retina ganglion cells ISI

with both FA and DFA. These two methods give inconsistent

results: FA suggests Hurst parameters should be larger than

0.5, while DFA indicates they should be less than 0.5. Our

further simulation has revealed the true Hurst parameters to

be less than 0.5, and the reason FA reports wrong Hurst

parameters is due to the trend existing in the real neuron

data.

We have also revealed the autocorrelation pattern when

H < 0.5: it is not a scale free anti-correlation pattern;

instead, the correlation function begins with negative values

for several lags, and can only be differentiated from that of

the shuffled series at the very beginning part.

Our future work might be to investigate the cause of the

scale free property in the fluctuation function when H < 0.5.

Furthermore, since FA and DFA only describe the second

order fluctuation function of the neurons, we can also study

the multifractality of the neurons through the Multifractal

detrended fluctuation analysis (MF-DFA) [14].
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